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Abstract
Quantum random walks are shown to have non-intuitive dynamics, which make them an attrac-
tive area of study for devising quantum algorithms for well-known classical problems as well as
those arising in the field of quantum computing. In this work we propose a novel scheme for the
physical implementation of a discrete time quantum random walk using the laser excitations of a
single electron in a quantum dot. The energy levels inside the dot represent the discrete nodes and
multi-photon STIRAP processes are employed to induce the steps in the walk. The quantum dot
design is tailored in such a way as to enable selective coupling of the energy levels. Our simulation
results show a close agreement with the theoretical models of a quantum random walk as well as




Quantum random walks represent a generalized version of the well known classical random
walk which can be elegantly described using quantum information processing terminology
[1]. Despite their apparent connection however, dynamics of quantum random walks are
often non-intuitive and far deviate from those of their classical counterparts [2]. Among
the differences, the superior propagation properties of quantum random walks are partic-
ularly noteworthy, making them an attractive area of study for devising efficient quantum
algorithms, including those pertaining to connectivity and graph theory [2, 3, 4], as well as
quantum search algorithms [5, 6].
There have been several proposals for a physical implementation of quantum random
walks [7, 8, 9]. In this paper we focus on discrete-time quantum random walks and propose
a novel scheme for implementing a one-dimensional discrete-time quantum random walk,
using the laser excitations of a single electron in a quantum dot.
II. QUANTUM RANDOM WALK THEORY
We begin by considering n nodes assembled on a line and label each node as a quantum
state |i〉 for −n/2 − 1 < i < n/2 . Further we assume that each state |i〉 is consist of two
sub-levels labeled as | ↑, i〉 and | ↓, i〉. Given a probability wave function ψ, we introduce
the evolution operator
Uˆ = Tˆ↓(−1)Tˆ↑(1)Cˆ, (1)











which can be any unitary matrix [10] and is known as the coin operator, resembling the
coin toss in a classical walk. The operators Tˆ↓ and Tˆ↑ are conditional translation operators
which act on | ↑, i〉 and | ↓, i〉 states respectively, performing the quantum analogue of a
conditional step in the classical walk. Figure 1 depicts the action of the coin and translation
operators forming a single step in the quantum walk.
2
We now introduce the observable
P (i) = | 〈i|ψ〉 |2 ≡ | 〈↑, i|ψ〉 |2 + | 〈↓, i|ψ〉 |2 (3)
to deduce a probability distribution for the walk after a number of steps. Figure 2 represents
a characteristic probability distribution for a one-dimensional walk with the initial state
|ψ0〉 = 1/
√















after 100 steps. A comparison with the classical random walk distribution, also plotted in
this figure, demonstrates the much more rapid propagation of the quantum random walk
after the same number of steps. These propagation characteristics can be quantified using
properties such as mixing time and hitting time [2] in order to systematically investigate
the comparative advantage of quantum algorithms arising from the application of quantum
random walks.
III. PHYSICAL IMPLEMENTATION
A. Components of the Walk
In order to physically implement a discrete-time quantum random walk, we must first
identify a system which can represent the discrete nodes required for the walk. This can be
conveniently achieved using the discrete energy levels in a quantum dot. Figure 3 shows the
way in which the energy levels within the dot are labeled to represent the nodes |i〉, their
respective sub-states | ↑, i〉, | ↓, i〉 and the intermediate states |S, i〉 and |A, i〉 required in
performing the walk.
The walk process itself can be realized via the excitations of a single electron wave function
trapped inside the quantum dot. The process is expected to:
1. mix the amplitude in states | ↑, i〉 and | ↓, i〉 by applying the coin operator Cˆ.
2. transfer the resulting amplitude in state | ↑, i〉 to state | ↑, i + 1〉 by applying the
translation operator Tˆ .
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Note that a similar picture to Fig. 2, up to a shift in the coordinates, can be achieved via
the evolution operator
Uˆ = Tˆ↑(1)Cˆ (5)
i.e. by the action of a translation operator on only one of the sub-levels.
The translation operation Tˆ can be efficiently performed using a 2-photon STIRAP pro-
cess [11, 12, 13] as depicted in Fig. 4. When the sequence of the two laser pulses follows
that presented in Fig. 5, one can achieve coherent population transfer between states |1〉
and |3〉 via the intermediate state |2〉. In our proposed scheme, states | ↑, i〉 and | ↑, i+ 1〉
represent |1〉 and |3〉 and the auxiliary states |A, i〉 represent the intermediate state |2〉.
We use pump and Stokes pulses with Gaussian envelopes Es(t) and Ep(t) and parame-
terize them using their peak interaction energies Ep and Es, standard deviations σp and σs,
phases αp and αs, and the time interval ∆T between the peak interaction energies. The































is constructed using the Rotating Wave Approximation [14] in the Raman resonance limit
and is time dependant. By approximating Hˆ(t) using a series of time independent Hˆi over
















where the evolution operator
UˆT (t) = e



















which is the ideal swap operation between states |1〉 and |3〉 via the intermediate state |2〉.
When state |3〉 is initially empty, this amounts to a translation operation which coherently
transfers an amplitude from state |1〉 entirely to the empty state |3〉 without populating the
intermediate state |2〉.
We achieve the optimization by fixing the parameters Es = 1.5 meV, σp = σs = 4.0 ps
















denotes the sum over all matrix elements. This is depicted in Fig. 6 where the
optimum values are Ep = 1.50 meV and ∆T = 5.87 ps.
The exponentials e−iHˆtδt/~, which have to be reevaluated for every parameter variation,





where A = −iHˆtδt/~, an(α) = 2Jn(α) except for a0(α) = J0(α), Jn(α) are the Bessel
functions of the first kind, φn are the Chebyshev polynomials, and N is the number of terms
in the Chebyshev expansion. To ensure convergence, the exponent A needs to be normalized
as
A˜ = 2A
µmax − µmin , (14)
where µmin and µmax represent the minimum and maximum eigenvalues of A. Chebyshev
polynomials φn are efficiently evaluated using the recurrence relation
φn(A˜) = 2A˜φn−1(A˜) + φn−2(A˜), (15)
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and
φ0(A˜) = 1, φ1(A˜) = A˜. (16)
In practice, iterations are continued until the norm of the matrix exponential converges to
the required level of accuracy.
Fig. 7 shows the time evolution of the dressed state |1〉 and |3〉 under the application of
the optimized 2-photon STIRAP. As expected the operation causes a coherent population
swap between states |1〉 and |3〉. As already mentioned, since state |3〉 is initially empty,
this amounts to a translation operation as required.
The coin operation Cˆ can be performed in a similar manner using a 3-photon STIRAP
process (Fig. 8), which is shown to be capable of performing arbitrary qubit rotations
independently of the initial qubit state [17]. More specifically the 3-photon STIRAP can
perform a rotation on the dressed states |1〉 and |2〉 via two intermediate states |3〉 and |4〉.
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In our proposed scheme (Fig. 3), states | ↑, i〉 and | ↓, i〉 represent |1〉 and |2〉, the
auxiliary state |A, i〉 represents the intermediate state |3〉, and state |S, i〉 represents the
second intermediate state |4〉.
Figure 9 shows the sequence of Stokes and Pump Gaussian pulses used to perform the
3-photon STIRAP. As depicted in the figure, the Stokes pulses S1 and S2 and Pump
pulses P1 and P2 are assumed to have overlapping envelopes, but can have different
phases. Furthermore we assume that the S-P1-P2 sequence and the S2-S1-P sequence
are symmetric and all pulses have identical standard deviations. The 3-photon STIRAP
can then have a reduce parametrization via the peak interaction energies Ea = Es = Ep and
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Eb = Ep1 = Ep2 = Es1 = Es2, pulse standard deviation σ, phases αs, αp1, αp2, αs1, αs2 and
αp, and the time interval ∆T between Ea and E b. As before, the pulse parameters can be




 ≃ Cˆ, (19)
where Cˆ is the unitary coin operator given by Eq. 4.
We optimize the 3-photon STIRAP in a similar fashion to the 2-photon case by fixing
the parameters Ea = 1.0 meV, σ = 4.0 ps, αs = αp1 = βp = 0 and αp2 = βs1 = βs2 = pi and





















Figure 10 depicts the resulting optimization surface where the optimum values are Eb = 1.34
meV and ∆T = 6.12 ps. It is important to note that the above cost function leads to a
“loose” optimization in the sense that it does not strictly optimize the STIRAP into any
specific coin operator. Rather, it only requires that the coin matrix be unitary. It also
turns out that the optimum parameters for a unitary Cˆ are independent of the choice of
phase factors α and β. Instead these phases can be conveniently altered to manipulate the
exact form of the operator Cˆ while maintaining its unitarity. By setting αp1 = βs1 = pi,





























 for βp = pi/3, (22)






 for βp = pi. (23)












by setting αp1 = βs1 = pi, αp2 = βs2 = pi/2, αs = 0 and βp = pi/2. Figures 11, 12, 13 and 14
depict the time evolution of dressed states under the action of the above coin operators.
B. Quantum Dot Design
Another important consideration in the physical implementation of the quantum random
walk is the precise design of the quantum dot since our proposed scheme can only be valid
if we are able to prevent unwanted coupling of states when applying the laser pulses. For
example energy levels in a quantum dot may couple in a ladder formation which could leak
the electron out of the dot or cause the coin operations on the adjacent nodes to interfere.
To enable selective excitations of dressed states within a quantum dot we propose a novel
design depicted in Fig. 17, which presents a more complete picture of the nodes scheme
already presented in Fig. 3. There are three distinct features encapsulated in this design.
The first feature is the virtual segmentation of the quantum dot into walk, tuning, aux-
iliary and cap segments with EWalk, EAux, ECap and ETuning representing the energy height
of each segment. As the name suggests the walk segment contains the discrete nodes of the
walk and is the only segment where the electronic wave function will have a measurable
distribution following each step of the random walk. The auxiliary segment, as described
earlier, provides the upper intermediate energy levels in the Λ type 2-photon and 3-photon
STIRAP operations. The cap segment which must satisfy ECap > EWalk+ETuning is designed
to prevent the excited electron from leaking out of the quantum dot.
The second feature pertains to the role the tuning segment in the precise intra segment
design of the quantum dot. For reasons which will become clear, we require that the energy
levels inside the walk segment are uniformly spaced with intervals δE while the energy
levels in the auxiliary and cap segments are uniformly spaced but with intervals ∆E = 4δE.
Figure 16 depicts how this effect can be achieved in a parabolic quantum well by simply
tightening the curvature of the parabola within the tuning segment. More specifically if
the lower segment of the harmonic well (walk segment) is described by V (x) = kx2, the
uniform energy spacing can be increased four folds in the upper segment (auxiliary and cap
segments), if it traces V (x) = 4kx2. Furthermore we wish to be able to precisely control the
positioning of the bottom of the upper segment relative to the top of the bottom segment
where the tuning segment acts as an offset between the two. This too is achievable via a
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local deviation from the perfect parabolic structure as depicted in Fig. 15. Given the uneven
nature of the energy levels within the tuning segment, the other segments of the walk are
designed to be far enough from these energy abberations so as to preserve their precisely
even energy spacing. To complete the description of the energy level structure, we also note
that each group of four levels within the walk segment constitute a single node of the walk
with the appropriate labeling already presented in Fig. 3
The third feature of our proposed scheme is related to the absorption profile of individual
energy levels. We assume gaussian spectra with a reasonably narrower width than δE/2
(Fig. 17). This would ensure that there is sufficient resolution to uniquely tune the laser
pulses to desired energy gaps, and that far off-resonance excitations of adjacent energy levels
are prevented.
Figures 18 and 19 demonstrate how this design can serve to allow selective excitations of
only those dressed states which are required for the random walk. In particular and with
reference to Fig. 3, one can achieve simultaneous Λ coupling of all
1. intra node dressed states | ↓, i〉, | ↑, i〉 and |S, i〉
2. inter node dressed states |S, i〉 and | ↑, i+ 1〉
via states |A, i〉 without allowing unwanted coupling between any other dressed states.
C. Quantum Steps
Every step of the quantum random walk can now be performed using a sequence of
2-photon and 3-photon STIRAP operations. The Cˆ operations can be performed simultane-
ously across all the nodes, using a single 3-photon STIRAP operation as described earlier.
There is however a subtlety involved in the application of the Tˆ operation to perform
the simultaneously translation of population from | ↑, i〉 to | ↑, i + 1〉 across all the nodes.
If performed naively, such a translation would introduce unwanted coupling between states
| ↑, i − 1〉 and | ↑, i〉, while the translation | ↑, i〉 to | ↑, i + 1〉 is in progress. We are
therefore required to adopt the approach depicted in Fig. 20, where we have used an
additional translation operation to intermediate states. In this way the transition from
| ↑, i〉 to | ↑, i+ 1〉 involves two 2-photon STIRAP operations: one involving transition from
| ↑, i〉 to |S, i〉 via |A, i〉, and the other involving |S, i〉 to | ↑, i+1〉 also via |A, i〉. As described
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in the previous section, both of these STIRAP operations can be performed simultaneously
across all the nodes. Fig. 21 shows the first three nodes of the system under the application
of the STIRAP sequence, performing a single step in the quantum random walk.
As mentioned earlier we optimized our STIRAP pulse parameters to obtain close to ideal
translation and a variety of coin operators. Here we simulated a number of quantum random
walks using the optimized translation operator Tˆ given by Eq. 11 together with coin oper-
ators CˆS1, CˆS2 and CˆA given by Eq. 21, 22 and 24 respectively. Figures 22, 23 and 24 show
the resulting electron wave functions after 100 steps, which are in excellent agreement with
their respective theoretical distributions. The results also confirm the expected asymmetry
in the final probability distribution when the propagation is carried out using an asymmetric
coin (Fig. 24).
We also investigated the effect of noise disturbance and experimental uncertainty on the
resulting distribution and demonstrated a relatively robust response against noise. Fig. 25
shows a reasonable degree of fidelity after the introduction of up to 2% uncertainty in the
pulse energy peak. Figures 26, 28 and 27 present a similar picture for the uncertainty in
phase, timing and the standard deviation of the laser pulses.
IV. CONCLUSION
We introduced a proposal for the physical implementation of a discrete-time quantum
random walk and demonstrated how the action of 2-photon and 3-photon STIRAP processes
on a single electron in a quantum dot can mimic the action of translation and coin operators.
We then simulated the repeated application of these laser-induced operators and showed
that the resulting electron wave distribution closely follows the theoretical distribution of a
quantum walk.
It is notable here that although this work describes the implementation of a quantum
random walk in one-dimension, in principle it can be readily extended to higher dimensions
as well as other non-standard design schemes. This involves a relabeling of the nodes to
encode dimensional information as well as adjusting the quantum dot design and the laser
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excitations to achieve the selective coupling of the required dressed states.
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FIG. 1: Representation of a single step in a one-dimensional discrete-time quantum random walk.
The step involves the action of a unitary matrix (coin) on the two sub-levels within each node,
followed by a unity translation in the opposite directions by the up and down states.




































FIG. 3: Schematic diagram of the energy levels in a one-dimensional quantum dot used for imple-





FIG. 4: Schematic diagram of a Λ type 2-photon STIRAP process, involving population transfer
between two dressed states |1〉 and |3〉 via an intermediate state |2〉
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FIG. 5: The two laser pulses involved in a 2-photon STIRAP process. Both pulses have a Gaussian
envelope and are applied in the counter intuitive order, i.e. the Stokes pulse S responsible for
coupling of |2〉-|3〉 states is applied prior to the pump pulse P responsible for the coupling of |1〉-|2〉
states.
FIG. 6: The optimization surface of the Tˆ operator obtained by minimizing the cost function κT
(Eq. 12). Referring to Fig. 5, Ep is the P pulse energy peak and ∆T is the time between the S
and P pulse energy peaks.
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FIG. 7: The time evolution of dressed states |1〉 (solid), |2〉 (dotted) and |3〉 (dashed) due to the
application of the translation operator Tˆ (Eq. 11) with two different initial conditions: (upper
panel) ψ0(1) = 1, ψ0(2) = 0 and ψ0(3) = 0; (lower panel) ψ0(1) = ψ0(3) = 1/
√















FIG. 8: Schematic diagram of a Λ type 3-photon STIRAP process: (left panel) population transfer
from two dressed states |1〉 and |2〉 to an auxiliary state |4〉 via an intermediate state |3〉; (right
panel) population transfer from state |4〉 back to states |1〉 and |2〉 via state |3〉.

















FIG. 9: The six laser pulses involved in a 3-photon STIRAP process. All pulses have a Gaussian
envelope and are applied in the counter intuitive order, i.e. 1) the Stokes pulse S responsible for
the coupling of |3〉-|4〉 states, 2) two pump pulses P1 and P2 responsible for the of coupling |1〉-|3〉
and |2〉-|3〉 states respectively, 3) two Stokes pulses S1 and S2 responsible for the of coupling |1〉-|3〉
and |2〉-|3〉 states respectively, 4) the pump pulse P responsible for the coupling of |3〉-|4〉 states.
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FIG. 10: The optimization surface of the Cˆ operator obtained by minimizing the cost function κC
(Eq. 20). Referring to Fig. 9, Eb is the P1 pulse energy peak and ∆T is the time between the S
and P1 pulse energy peaks.










FIG. 11: The time evolution of dressed states |1〉 (solid), |2〉 (dashed), |3〉 (dot-dashed) and |4〉
(dotted) due to the application of the coin operator CˆS1 (Eq. 21).
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FIG. 12: The time evolution of dressed states |1〉 (solid), |2〉 (dashed), |3〉 (dot-dashed) and |4〉
(dotted) due to the application of the coin operator CˆS2 (Eq. 22).










FIG. 13: The time evolution of dressed states |1〉 (solid), |2〉 (dashed), |3〉 (dot-dashed) and |4〉
(dotted) due to the application of the coin operator CˆS3 (Eq. 23).
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FIG. 14: The time evolution of dressed states |1〉 (solid), |2〉 (dashed), |3〉 (dot-dashed) and |4〉
(dotted) due to CˆA (Eq. 24) with two different initial conditions: (upper panel) ψ0(1) = 1 and
ψ0(2) = 0; (lower panel) ψ0(1) = ψ0(2) = 1/
√











FIG. 15: Schematic diagram of a design technique for scaling the energy levels in a parabolic
quantum dot. This is achieved by changing the curvature of the parabola within a tuning segment.
A greater curvature (dotted line) results in a more augmented spacing between the energy levels


















FIG. 16: Schematic diagram of a design technique for shifting the energy levels in a parabolic
quantum dot: (left panel) a perfectly parabolic quantum dot with equi-spaced energy levels; (right
panel) inclusion of a tuning segment wherein a local aberration in the dot geometry produces an
























FIG. 17: A schematic diagram of the proposed quantum dot design for implementing the discrete-












FIG. 18: The selective and simultaneous coupling of all |S, i〉-|A, i〉-| ↑, i + 1〉 dressed states via
a single 2-photon STIRAP excitation (solid line). Our proposed design forbids all other spurious













FIG. 19: The selective and simultaneous coupling of all | ↓, i〉-| ↑, i〉-|A, i〉-|S, i〉 dressed states via
a single 3-photon STIRAP excitation (solid lines). Our proposed design forbids all other spurious
couplings which would otherwise be present (dotted lines). It is clear from the diagram that the
selective and simultaneous coupling of all | ↑, i〉-|A, i〉-|S, i〉 dressed states via a single 2-photon
STIRAP excitation is also achievable.
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FIG. 20: Procedure for performing a simultaneous population shift along a sequence of states
(top panel). The shift procedure occurs over a finite time period and if performed naively would
introduce interference between the incoming and outgoing populations. Using a sequence of in-
termediate states however would make a simultaneous shift possible. Populations from all states
are first shifted simultaneously to their corresponding intermediate states (middle panel) and then




















FIG. 21: The first three nodes in a quantum dot and the sequence of STIRAP excitations employed
to perform a single step in the quantum random walk procedure. From left to right: (a) the state
of the wave function prior to the quantum step with amplitude present in states | ↑, 1〉 and | ↑, 2〉;
(b) a 3-photon STIRAP excitation causing a simultaneous rotation of the | ↑, 1〉-| ↓, 1〉 and | ↑, 2〉-
| ↓, 2〉 states; (c) a 2-photon STIRAP excitation inducing a simultaneous and coherent population
transfer from | ↑, 1〉 to |S, 1〉 and from | ↑, 2〉 to |S, 2〉; (d) a 2-photon STIRAP excitation inducing
a simultaneous and coherent population transfer from |S, 1〉 to | ↑, 2〉 and from |S, 2〉 to | ↑, 3〉.
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FIG. 22: The electron probability distribution after 100 applications of the laser sequence (solid)
using coin CˆS1 (Eq. 21) vs. the discrete-time quantum random walk distribution using the exact
coin given by Eq. 4 after 100 steps (dotted) with two different initial conditions: (upper panel)
ψ0(↑, 1) = ψ0(↓, 1) = 1/
√
2; (lower panel) ψ0(↑, 1) = 1 and ψ0(↓, 1) = 0.
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FIG. 23: The electron probability distribution after 100 applications of the laser sequence (solid)
using coin CˆS2 (Eq. 22) vs. the characteristic discrete-time quantum random walk distribution
using the exact coin after 100 steps (dotted) with two different initial conditions: (upper panel)
ψ0(↑, 1) = ψ0(↓, 1) = 1/
√
2; (lower panel) ψ0(↑, 1) = 1 and ψ0(↓, 1) = 0.
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FIG. 24: The electron probability distribution after 100 applications of the laser sequence (solid)
using coin CˆA (Eq. 24) vs. the characteristic discrete-time quantum random walk distribution
using the exact coin after 100 steps (dotted) with two different initial conditions: (upper panel)
ψ0(↑, 1) = ψ0(↓, 1) = 1/
√
2; (lower panel) ψ0(↑, 1) = 1 and ψ0(↓, 1) = 0.












FIG. 25: Deviation from the exact quantum random walk distribution (dashed) due to an induced
2% uncertainty in the laser pulse peak energies (solid).
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FIG. 26: Deviation from the exact quantum random walk distribution (dashed) due to an induced
5% uncertainty in the laser pulse phases (solid).












FIG. 27: Deviation from the exact quantum random walk distribution (dashed) due to an induced
2% uncertainty in the laser pulse standard deviations (solid).
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FIG. 28: Deviation from the exact quantum random walk distribution (dashed) due to an induced
0.3% uncertainty in the laser pulse timing (solid).
29
